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Knuth – Garey – Johnson



The Guide – Computers and Intractability

“Despite that 23 years have passed
since its publication, I consider Garey
and Johnson the single most
important book on my o�ce
bookshelf. Every computer scientist
should have this book on their
shelves as well. NP-completeness is
the single most important concept to
come out of theoretical computer
science and no book covers it as well
as Garey and Johnson.”

Lance Fortnow, “Great Books: Computers
and Intractability: A Guide to the Theory of
NP-Completeness”
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Containment relations for classes
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Figure 2: Containment relations for classes from [OG], our target class is UNDIRECTED PATH. (Adapted
from [OG].)

line the corresponding [OG] reference in Table 1. Moreover, the entry UNDIRECTED
PATH is said to be NP-complete in [106], but again with a “private communication”
reference (we comment more on this in Section 4). Believing in the need to have ex-
plicit proofs for these important problems, we here give a proof of NP-completeness
for UNDIRECTED PATH graphs, which would provide a full dichotomy Polynomial
versus NP-complete for the STEINER TREE column. Actually, we provide a second
dichotomy for the STEINER TREE problem restricted to UNDIRECTED PATH graphs,
according to the diameter of the input graph. For the GRAPH ISOMORPHISM column
we also provide a full dichotomy Polynomial versus NP-complete by giving an explicit
proof of GI-completeness for THICKNESS-k graphs (please refer to Section 3).

Besides providing a full dichotomy Polynomial versus NP-complete for the STEINER
TREE column, in Table 1 we have thoroughly revised the summary table that 35 years
later has 54 new resolved entries depicted in bold. Additionally, there are 36 citations
for references not in bold that confirm resolved entries from [OG] or [GJ], that we up-
dated because they cited private communications, or because the cited reference is not
easily accessible, or could not be confirmed. There is one entry highlighted in italic that
corrects the entry for HAMILTONIAN CIRCUIT restricted to CIRCLE graphs originally
P but that actually is N [39].

In addition, we consider the parameterized complexity of hard problems to revise
Table 1 into a new Table 2, a proposed summary table of what it means today to study
a problem from a computational complexity point of view. This is of course just a
sample of what it means, since we could even consider other classifications (e.g., the
approximability complexity theory and the space complexity theory). We have kept
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The updated NP-Completeness Column: An Ongoing Guide table 35 years later

GRAPH CLASS MEMBER INDSET CLIQUE CLIPAR CHRNUM CHRIND HAMCIR DOMSET MAXCUT STTREE GRAPHISO

TREES/FORESTS P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] P [GJ] P [T] P [GJ]
ALMOST TREES (k) P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [5] P [20] P [76] P [19]
PARTIAL k-TREES P [OG] P [5] P [T] P [16] P [5] P [19] P [5] P [5] P [20] P [76] P [19]
BANDWIDTH-k P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [5] P [OG] P [76] P [OG]
DEGREE-k P [T] N [GJ] P [T] N [29] N [GJ] N [OG] N [GJ] N [GJ] N [GJ] N [GJ] P [OG]

PLANAR P [GJ] N [GJ] P [T] N [77] N [GJ] O N [GJ] N [GJ] P [GJ] N [OG] P [GJ]
SERIES PARALLEL P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [OG] P [GJ] P [OG] P [GJ]
OUTERPLANAR P [OG] P [OG] P [T] P [OG] P [OG] P [OG] P [T] P [OG] P [GJ] P [OG] P [GJ]
HALIN P [OG] P [OG] P [T] P [OG] P [5] P [19] P [T] P [OG] P [GJ] P [118] P [GJ]
k-OUTERPLANAR P [OG] P [OG] P [T] P [OG] P [5] P [19] P [OG] P [OG] P [GJ] P [76] P [GJ]
GRID P [OG] P [GJ] P [T] P [GJ] P [T] P [GJ] N [OG] N [32] P [T] N [OG] P [GJ]
K3,3-FREE* P [OG] N [GJ] P [T] N [77] N [GJ] O? N [GJ] N [GJ] P [OG] N [GJ] P [40]
THICKNESS-k N [OG] N [GJ] P [T] N [77] N [GJ] N [OG] N [GJ] N [GJ] N [119] N [GJ] I Prop. 3
GENUS-k P [OG] N [GJ] P [T] N [77] N [GJ] O? N [GJ] N [GJ] O? N [GJ] P [OG]

PERFECT P [34] P [OG] P [OG] P [OG] P [OG] N [28] N [OG] N [OG] N [20] N [GJ] I [83]
CHORDAL P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] N [OG] N [20] N [OG] I [83]
SPLIT P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] N [OG] N [20] N [OG] I [107]
STRONGLY CHORDAL P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] P [OG] N [108] P [OG] I [111]
COMPARABILITY P [OG] P [OG] P [OG] P [OG] P [OG] N [28] N [OG] N [93] N [101] N [GJ] I [23]
BIPARTITE P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] N [OG] N [93] P [T] N [GJ] I [23]
PERMUTATION P [OG] P [OG] P [OG] P [OG] P [OG] O? P [44] P [OG] O? P [OG] P [OG]
COGRAPHS P [T] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] P [20] P [OG] P [OG]

UNDIRECTED Path P [OG] P [OG] P [OG] P [OG] P [OG] O? N [13] N [OG] N [20] N Thm. 4 I [23]
DIRECTED PATH P [OG] P [OG] P [OG] P [OG] P [OG] O? N [98] P [OG] N [1] P [OG] P [7]
INTERVAL P [OG] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] N [1] P [OG] P [OG]
CIRCULAR ARC P [OG] P [OG] P [OG] P [OG] N [OG] O? P [105] P [OG] N [1] P [11] P [79]
CIRCLE P [OG] P [GJ] P [OG] N [73] N [OG] O? N [39] N [71] N [26] P [OG] P [68]
PROPER CIRC. ARC P [OG] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] O? P [11] P [81]
EDGE (OR LINE) P [OG] P [GJ] P [T] N [94] N [OG] N [28] N [OG] N [GJ] P [59] N [18] I [OG]
CLAW-FREE P [T] P [OG] N [102] N [84] N [OG] N [28] N [OG] N [GJ] N [20] N [18] I [OG]

Table 1: The updated NP-Completeness Column: An Ongoing Guide table 35 years later. Depicted in bold
are the references that correspond to unresolved entries in [OG] and [GJ]. The references not in bold confirm
resolved entries from [OG] or [GJ], that we updated either because they cited private communications, be-
cause the cited reference is not easily accessible, or could not be confirmed. There is one entry highlighted
in italic that corrects the entry for HAMCIRC restricted to CIRCLE GRAPHS. We keep the abbreviations used
by [OG], namely for entries: P = Polynomial-time solvable; N = NP-complete; I = Open, but equivalent
in complexity to general GRAPH ISOMORPHISM; O? = Apparently open, but possibly easy to resolve; and
O = Open, and may well be hard; and for references [T] = Restriction trivializes the problem; [GJ] = the
Guide [54]; and [OG] = the Ongoing guide [66], please refer to this reference for the entry.

K3,3-FREE* is a proper subclass of K3,3-FREE. Also, we mention that this confusion
does not occur for CLAW-FREE graphs, since we, as well as [OG], use it to denote
the class of graphs that do not contain K1,3 (also known as the claw) as an induced
subgraph.

Finally, we mention two relations that do not appear in [OG], both involving the
class THICKNESS-k. A graph G is said to have thickness at most k if E(G) can be
partitioned into at most k subsets, each of which forms a planar subgraph of G. In the
same way as all the other graph classes that have a parameter in their names such as
the class of PARTIAL k-TREES that is also known as BOUNDED TREEWIDTH graphs,
the class THICKNESS-k means BOUNDED THICKNESS graphs. First, note that if G
has degree at most �(G), then by Vizing’s Theorem, we get that E(G) can be colored
with at most �(G) + 1 colors. In other words, this means that the edge set of G
can be partitioned into �(G) + 1 matchings, which are planar graphs, and hence G
has thickness at most �(G) + 1. Therefore, we get that DEGREE-k is a subclass
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Maximum cut and Steiner tree

We focus on columns MaxCut and StTree

Full dichotomy for StTree column: the problem is NP-complete when
restricted to UNDIRECTED PATH graphs

Complexity of maximum cut on interval graphs
R. Adhikary, K. Bose, S. Mukherjee, and B. Roy.
arxiv.org/abs/2006.00061

MaxCut restricted to interval graphs with bounded interval count is
NP-complete



The grained gadget of Adhikary et al.



Our escalator gadget

Left short intervals



The updated NP-Completeness Column: An Ongoing Guide table 35 years later

GRAPH CLASS MEMBER INDSET CLIQUE CLIPAR CHRNUM CHRIND HAMCIR DOMSET MAXCUT STTREE GRAPHISO

TREES/FORESTS P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] P [GJ] P [T] P [GJ]
ALMOST TREES (k) P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [5] P [20] P [76] P [19]
PARTIAL k-TREES P [OG] P [5] P [T] P [16] P [5] P [19] P [5] P [5] P [20] P [76] P [19]
BANDWIDTH-k P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [5] P [OG] P [76] P [OG]
DEGREE-k P [T] N [GJ] P [T] N [29] N [GJ] N [OG] N [GJ] N [GJ] N [GJ] N [GJ] P [OG]

PLANAR P [GJ] N [GJ] P [T] N [77] N [GJ] O N [GJ] N [GJ] P [GJ] N [OG] P [GJ]
SERIES PARALLEL P [OG] P [OG] P [T] P [16] P [5] P [19] P [5] P [OG] P [GJ] P [OG] P [GJ]
OUTERPLANAR P [OG] P [OG] P [T] P [OG] P [OG] P [OG] P [T] P [OG] P [GJ] P [OG] P [GJ]
HALIN P [OG] P [OG] P [T] P [OG] P [5] P [19] P [T] P [OG] P [GJ] P [118] P [GJ]
k-OUTERPLANAR P [OG] P [OG] P [T] P [OG] P [5] P [19] P [OG] P [OG] P [GJ] P [76] P [GJ]
GRID P [OG] P [GJ] P [T] P [GJ] P [T] P [GJ] N [OG] N [32] P [T] N [OG] P [GJ]
K3,3-FREE* P [OG] N [GJ] P [T] N [77] N [GJ] O? N [GJ] N [GJ] P [OG] N [GJ] P [40]
THICKNESS-k N [OG] N [GJ] P [T] N [77] N [GJ] N [OG] N [GJ] N [GJ] N [119] N [GJ] I Prop. 3
GENUS-k P [OG] N [GJ] P [T] N [77] N [GJ] O? N [GJ] N [GJ] O? N [GJ] P [OG]

PERFECT P [34] P [OG] P [OG] P [OG] P [OG] N [28] N [OG] N [OG] N [20] N [GJ] I [83]
CHORDAL P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] N [OG] N [20] N [OG] I [83]
SPLIT P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] N [OG] N [20] N [OG] I [107]
STRONGLY CHORDAL P [OG] P [OG] P [OG] P [OG] P [OG] O? N [92] P [OG] N [108] P [OG] I [111]
COMPARABILITY P [OG] P [OG] P [OG] P [OG] P [OG] N [28] N [OG] N [93] N [101] N [GJ] I [23]
BIPARTITE P [T] P [GJ] P [T] P [GJ] P [T] P [GJ] N [OG] N [93] P [T] N [GJ] I [23]
PERMUTATION P [OG] P [OG] P [OG] P [OG] P [OG] O? P [44] P [OG] O? P [OG] P [OG]
COGRAPHS P [T] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] P [20] P [OG] P [OG]

UNDIRECTED Path P [OG] P [OG] P [OG] P [OG] P [OG] O? N [13] N [OG] N [20] N Thm. 4 I [23]
DIRECTED PATH P [OG] P [OG] P [OG] P [OG] P [OG] O? N [98] P [OG] N [1] P [OG] P [7]
INTERVAL P [OG] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] N [1] P [OG] P [OG]
CIRCULAR ARC P [OG] P [OG] P [OG] P [OG] N [OG] O? P [105] P [OG] N [1] P [11] P [79]
CIRCLE P [OG] P [GJ] P [OG] N [73] N [OG] O? N [39] N [71] N [26] P [OG] P [68]
PROPER CIRC. ARC P [OG] P [OG] P [OG] P [OG] P [OG] O? P [OG] P [OG] O? P [11] P [81]
EDGE (OR LINE) P [OG] P [GJ] P [T] N [94] N [OG] N [28] N [OG] N [GJ] P [59] N [18] I [OG]
CLAW-FREE P [T] P [OG] N [102] N [84] N [OG] N [28] N [OG] N [GJ] N [20] N [18] I [OG]

Table 1: The updated NP-Completeness Column: An Ongoing Guide table 35 years later. Depicted in bold
are the references that correspond to unresolved entries in [OG] and [GJ]. The references not in bold confirm
resolved entries from [OG] or [GJ], that we updated either because they cited private communications, be-
cause the cited reference is not easily accessible, or could not be confirmed. There is one entry highlighted
in italic that corrects the entry for HAMCIRC restricted to CIRCLE GRAPHS. We keep the abbreviations used
by [OG], namely for entries: P = Polynomial-time solvable; N = NP-complete; I = Open, but equivalent
in complexity to general GRAPH ISOMORPHISM; O? = Apparently open, but possibly easy to resolve; and
O = Open, and may well be hard; and for references [T] = Restriction trivializes the problem; [GJ] = the
Guide [54]; and [OG] = the Ongoing guide [66], please refer to this reference for the entry.

K3,3-FREE* is a proper subclass of K3,3-FREE. Also, we mention that this confusion
does not occur for CLAW-FREE graphs, since we, as well as [OG], use it to denote
the class of graphs that do not contain K1,3 (also known as the claw) as an induced
subgraph.

Finally, we mention two relations that do not appear in [OG], both involving the
class THICKNESS-k. A graph G is said to have thickness at most k if E(G) can be
partitioned into at most k subsets, each of which forms a planar subgraph of G. In the
same way as all the other graph classes that have a parameter in their names such as
the class of PARTIAL k-TREES that is also known as BOUNDED TREEWIDTH graphs,
the class THICKNESS-k means BOUNDED THICKNESS graphs. First, note that if G
has degree at most �(G), then by Vizing’s Theorem, we get that E(G) can be colored
with at most �(G) + 1 colors. In other words, this means that the edge set of G
can be partitioned into �(G) + 1 matchings, which are planar graphs, and hence G
has thickness at most �(G) + 1. Therefore, we get that DEGREE-k is a subclass
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Why is ChrInd the hardest of Johnson’s puzzles?

The chromatic index of split-interval graphs
Luis Gustavo Gonzaga, Sheila Almeida, Cândida Silva and Jadder Cruz

presented last week at LAGOS 2021 – XI Latin and American Algorithms,
Graphs and Optimization Symposium
eventos.ufabc.edu.br/lagos2021/

https://eventos.ufabc.edu.br/lagos2021/

